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t':kéﬁ"e’quation d*v/ox* =dv/ar is linear, its
i most ;
P?e of superposition. Thus, we have : genera] soluﬁon is obiained

v(x,t) = E v(xt)= Z B, sin— i -(nznz-.f);?

tion of heat equation when both the ends of a bar are kept at "
-6nd the initial temperature is prescribed. { 3 C_Q‘Y\G( ‘1
of a bar of length a are at temperature zero and the initial t;mpemrure is to
n f(x) in the bar, then find the temperature at a subsequent time t. %
d x = a of an infinite slab are maintained at zero temperature. ¢ Given that
ux ) = ﬁ’x) at t = 0. Determine the temperature at a subsequent time t.
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mperature u(x, t) in the given solid is governed by the one dlmenswnal heau

| k(9%u/ox”) =0ul ot ‘ LGty
=0 and x = a are kept at zero temperature, the boundary condmons arel ' f\' M’R
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=0 and u (a, t) 0 forall( 57
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ion is given by T
) has solutions of the form
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. of x alone and 7' that of ¢ alone.
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hus, ¥ his value of u in (1), we get .
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x4 | m independents variables, (5) can only be true if each side is eqrual to the same | %
a0 e (5) leads to the following equations: : 5 ; 5-:.
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(1 y"-px =0 i ;
O o 7’ = pkT. pe S §
A and XayTw=0 - ® :
) ) gives X(0) (1) =0
(¥ leads to 1 = 0, so suppose that T()*> X(@) =0 )
ot a - PEEd ;-
; (IA) X(0)=0 and
Ve (6) under B.C. (9). Three €ases arise. ; 4




Boundary value propje,, in cq
2.6 (Sl i) euqﬂc
' Then solution of (6) 13 =dAx+p
Case L Let p = 0. Then 0= B,0=Aa+ Bso that

=

i A= B = 0
- 10) gives _ ; _
Using B.C. ), ( <o that # =0, which does not satisfy (3). So we eect
Hence X(x)=0 so | g
1L Let =A%, A0 Then solution of (6) is X(x) = Agh b,
Case 1L p=A, .
Using B C. (9)-, (1) gives 0=47 P and 0=Ae™ 4 p -0

Solving (i2), A =B =050 that X(_'x)aso and hence =0,

- A
which does not satisfy (3). So we also reject W= A"

Casé 1. Let p = =A%, k=0, Then solution of (6) is  X(x)= dcoshr+ gy,

Using B.C. (9), (13) gives 0=A and. 0= dcoshay gy,
So sinAa =0. We have taken B #0, since otherwise X =0 so that , = Which
satisfy (3). Solving the trignometric equation | inAa =0, we have

A it so that A=nn/a, where nE 12 ..
Hence non-zero solutions X, (x) of (6) are given by X, (x)= B, sin(mmx/q) g
. - _ dT _ n?nzk & giad o nzf
Using (14), (7) reduces to ol G e dt, as p=-A e
or (/T)dT =-C2at, where C; =(r'mh)e
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whose general solution is 3 T.(t)=D,e Cat
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E‘» (%,0) = X, ()T, (1) = E, sin(nmx/ a)e” "

are solutions of (1), satisfying ). Herefﬂ (= B,D,) is another arbit“l_"ary constant. In order 0%
a solution also satisfying (3), we consider more general solution.

oo oo 2
u(x,t) = %I u, (1) = 5-_JI E, sin(nmx/a)e .

Substituting # = 0 in (18) and using (3), we get f(x)= EI E, sin(nrr.ra’a)
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which is Fourier sine series. So the constants E  are given by

N leai oAl
b E, =;_L J(x)sin (nmx/ a)dx, n=1,2,3
quired solution where E, is given by (19).

Hénce (18) is the re
2.3 B/Working rule for solving heat equation when both the ends of
ro and the initial temperature f(x) 16

" are kept at temperature ze
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Step I. Proceed as In Art, 23 A and prove that the solution of the heat CQUan
k(aZWaxz) = du/dt

subject to the boundary conditions all
G = 0, for £

and the initial condition b t:))o’-;() ')“ l(‘)(i, % o /-
X, = f(x), X # ‘|

< par! of

prescfi

is given b o
i ux,0) = JZ E, sin(nrx/ a) &~



